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The Ka¨hler-Ricci flow on manifolds with negative
holomorphic curvature
Freid Tong
Abstract
We study the behaviour of the normalized Ka¨hler-Ricci flow on complete Ka¨hler
manifolds of negative holomorphic sectional curvature. We show that the flow exists
for all time and converges to a Ka¨hler-Einstein metric of negative scalar curvature,
recovering a result of Wu and Yau in [16].
1 Introduction
The Ka¨hler-Ricci flow has become one of the most important tools in understanding the
existence of Ka¨hler-Einstein metrics, see for example [1, 2] for well-known results in this
direction. In 2015, Wu and Yau in [14, 15] proved the existence of Ka¨hler-Einstein metrics
with negative scalar curvature on compact Ka¨hler manifold X when X admits a Ka¨hler
metric with negative holomorphic sectional curvature, their result sheds light on the deep
relationship between holomorphic sectional curvature and Ricci curvature. Recently in [16],
they extended their result to the case where X is complete noncompact while assuming the
sectional curvature of X is bounded. The approach of using the Ka¨hler-Ricci flow to study
the same problem has been explored by Nomura in [5], where he reproves the results in
[14, 15] using the Ka¨hler-Ricci flow. However, his method do not extend to the noncompact
setting as he uses a result of Demailly-Paun on the numerical characterization of the Ka¨hler
cone [4], which has no analogue in the noncompact setting.
In this note, we will take the Ka¨hler-Ricci flow approach to recover the results of [16] by
showing the convergence of the normalized Ka¨hler-Ricci flow to a complete Ka¨hler-Einstein
metric. One advantage of this approach is that it relies only on elementary maximum
principle and we are able avoid some of the more sophisticated arguments used in [16]. For
instance, we do not make use of the quasi-bounded coordinate charts constructed in [16],
and we can also avoid the maximum principle argument used in [16] to show the negative
holomophic sectional curvature condition is preserved for short time along the Ricci flow.
This is also interesting from the point of view of parabolic PDEs because the equation
obtained (8), is a complex monge ampere equation with a background metric which is time
dependent, hence the nonlinear parabolic theory on manifolds developed in [7] does not
apply.
1
Theorem 1.1. Let (M,ω0), is a complete Ka¨hler manifold with bounded curvature, that is
sup
M
|Rm(ω0)|≤ B
for some constant B > 0, and suppose that the holomorphic sectional curvature of ω0 is
bounded above by a negative constant,
Hω0(η) = Rω0(η, η¯, η, η¯) ≤ −κ|η|4
for some κ > 0. Then the normalized Ka¨hler-Ricci flow starting at ω0 exists for all time and
converges smoothly to a complete Ka¨hler-Einstein metric ωKE of negative scalar curvature
on M which satisfies
1. Ric(ωKE) = −ωKE
2. C−1ω0 ≤ ωKE ≤ Cω0
3. |∇lωKERm(ωKE)|ωKE≤ Cl
for constants C and Cl, for l = 0, 1, . . . depending only on B and κ.
2 Lower bound on the evolving metric
The short time existence of the Ricci flow when (M,ω0) is complete and has bounded cur-
vature was established by Shi in [11]. In this case, he is able to obtain a Ricci flow solution
for short time which also has bounded curvature and satisfied his derivative estimates. The
uniqueness of this solution is proved by Chen and Zhu in [3].
From now on, let (M,ω(t)) denote the solution of the normalized Ka¨hler-Ricci flow with
initial metric ω0 obtained from Shi’s estimates. That is, ω(t) satisfies
∂
∂t
ω(t) = −Ric(ω(t))− ω(t) (1)
ω(0) = ω0 (2)
and the metrics ω(t) are all complete with bounded curvature, are uniformly equivalent to
the initial metric ω0 and satisfies Shi’s derivative estimates.
Before we proceed to the main content of this section, we need a version of the maximum
principle on non-compact manifolds along the Ricci flow. This can be found for instance
in [12], but we will prove a version that we need here.
Proposition 2.1. Suppose (M, g(t))t∈[0,T ] is a complete solution of the Ka¨hler-Ricci flow
with bounded curvature. Then for any C2 function f which is bounded above on M × [0, T ],
either
1. supM×[0,T ] f(x, t) = supM f(x, 0)
2
2. There exist a sequence of points (xk, tk), such that
lim
k→∞
f(xk, tk) = sup
M×[0,T ]
f lim
k→∞
|∇f |(xk, tk) = 0
(
∂
∂t
−∆)f(xk, tk) ≥ −ǫk
for some sequence ǫk → 0.
Proof. From [9, p. 26] we know that there exist a proper smooth function ρ : M → R and
a constant C such that |∇ρ|ω0≤ C, ρ(x) ≥ Crω0(x) and |∇2ρ|ω0≤ C where rω0(x) is the
distance function from some point.
Then, if supM×[0,T ] f(x, t) = supM f(x, 0), we are done, so suppose supM×[0,T ] f(x, t) >
supM f(x, 0). Pick points (xk, tk) to achieve the maximum of the function f(x, t)− 1kρ(x),
which has a maximum since f is bounded above and ρ(x) ≥ Cr(x) goes to infinity at
infinity. Then it is easy to see that tk 6= 0 for k large, so we have
lim
k→∞
f(xk, tk) = sup
M×[0,T ]
f |∇f |(xk, tk) = 1
k
|∇ρ|g(tk)(xk)
(
∂
∂t
−∆)f(xk, tk) ≥ 1
k
(
∂
∂t
−∆)ρ(xk) = −1
k
∆g(tk)ρ(xk)
since the metrics are uniformly equivalent along the Ricci flow, then |∇ρ|g0≤ C implies
|∇ρ|g(t)≤ C. We only need to show that |∆g(t)ρ|≤ C
|∇2g(t)ρ−∇2g(0)ρ| = |(Γg(t) − Γg(0))kij∂kρ)|≤ C|Γg(t) − Γg(0)|≤ C
∫ t
0
|Γ˙|(s) ds
≤ C
∫ t
0
|∇Ric(g(s))| ds ≤ C
∫ t
0
1
s1/2
ds ≤ C
and since |∇2g(0)ρ|≤ C, we conclude that |∇2g(t)ρ|≤ C is always bounded, which means
|∆g(t)ρ|≤ C.
Now we prove a uniform lower bounds on the evolving metrics ω(t). This is an adap-
tation of the Schwarz lemma calculation of Wu and Yau in [14]. The original calculation
is based on Yau’s generalized Schwarz lemma [17] and Royden’s improvement [8] to the
setting of holomorphic sectional curvature.
Proposition 2.2. Along the flow, we have
ω0 ≤ max(n, 2n
(n+ 1)κ
)ω(t) (3)
for all time t, as long as the flow exists.
3
Proof. We compute the evolution of the quantity S = trω(t)ω0, adopting the notation that
ω0 =
√−1gˆij¯ dzi ∧ dz¯j and ω(t) =
√−1gij¯ dzi ∧ dz¯j , and we put a hat over all quantities
and objects associated to the metric ω0
(
∂
∂t
−∆ω(t)
)
S =
∂
∂t
gij¯ gˆij¯ − gkl¯∂k∂l¯(gij¯ gˆij¯)
= −gil¯gkj¯( ∂
∂t
gkl¯)gˆij¯ + g
kl¯gij¯Rˆkl¯ij¯ − gin¯gmj¯Rmn¯gˆij¯ − gkl¯gmn¯gˆij¯∇ˆkgin¯∇ˆl¯gmj¯
= gil¯gkj¯gkl¯gˆij¯ + g
kl¯gij¯Rˆkl¯ij¯ − gkl¯gmn¯gˆij¯∇ˆkgin¯∇ˆl¯gmj¯
= S + gkl¯gij¯Rˆkl¯ij¯ − gkl¯gmn¯gˆij¯∇ˆkgin¯∇ˆl¯gmj¯
By Royden’s lemma. [8, pg. 552] we have
gkl¯gij¯Rˆkl¯ij¯ ≤ −
n+ 1
2n
κS2
so (
∂
∂t
−∆ω(t)
)
S ≤ S − n+ 1
2n
κS2 − gkl¯gmn¯gˆij¯∇ˆkgin¯∇ˆl¯gmj¯ (4)
and it follows(
∂
∂t
−∆ω(t)
)
log S =
(
∂
∂t
−∆ω(t)
)
S
S
+
|∇S|g2
S2
≤ 1− n+ 1
2n
κS +
|∇S|g2
S2
− g
kl¯gmn¯gˆij¯∇ˆkgil¯∇ˆl¯gmj¯
S
we need the following algebraic identity, which was one of the steps in Yau’s proof of the
Calabi conjecture. The proof can be found in [18, p.349]
|∇S|g2
S2
− g
kl¯gmn¯gˆij¯∇ˆkgil¯∇ˆl¯gmj¯
S
≤ 0
we obtain the following differential inequality for S.(
∂
∂t
−∆ω(t)
)
log S ≤ 1− n+ 1
2n
κS (5)
Since S is bounded above by our assumption, we can apply the maximum principle to this
inequality and get a uniform estimate for S up to any time,
S ≤ max(n, 2n
(n+ 1)κ
)
and this implies
ω0 ≤ max(n, 2n
(n+ 1)κ
)ω(t)
giving the desired lower bound for the metrics ω(t).
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3 Upper bound for the metric
In this section we will provide an upper bound for the metric. To do this, we need to define
a potential ϕ and write the Ka¨hler-Ricci flow equation as an equation of the potential ϕ.
Define
ϕ(x, t) := e−t
∫ t
0
es log
ω(s)n
ωn0
ds (6)
differentiating this equation gives
∂
∂t
ϕ = log
ω(t)n
ωn0
− ϕ (7)
Then if we let ω˜(t) = e−t(ω0− i∂∂¯ log ωn0 ) + i∂∂¯ logωn0 + i∂∂¯ϕ, by (7), ω˜ satisfies the ODE,
∂
∂t
ω˜(t) = −Ric(ω(t))− ω˜(t)
and since ω˜(0) = ω0, we can conclude from uniquess of solutions to ODE that ω˜(t) = ω(t).
Hence the potential ϕ satisfies the equation
∂
∂t
ϕ = log
(e−t(ω0 − i∂∂¯ logωn0 ) + i∂∂¯ log ωn0 + i∂∂¯ϕ)n
ωn0
− ϕ (8)
Proposition 3.1. There exist a constant C > 0 depending only on B and κ in theorem
1.1, such that
|ϕ|≤ C and |ϕ˙|≤ Cte−t
for any t.
Proof. We compute the evolution of ϕ˙,
∂
∂t
ϕ˙ =
∂
∂t
(
log
ωn(t)
ωn0
− ϕ
)
= g˜ij¯
∂
∂t
g˜ij¯ − ϕ˙
= trω(t)
[
∂
∂t
(e−t(ω0 − i∂∂¯ log ωn0 ) + i∂∂¯ log ωn0 + i∂∂¯ϕ)
]
− ϕ˙
= ∆ω(t)ϕ˙− e−ttrω(t)(ω0 − i∂∂¯ log ωn0 )− ϕ˙
we can rewrite this as (
∂
∂t
−∆ω(t)
)
(etϕ˙) = −trω(t)(ω0 + Ric(ω0)) (9)
by the previous section we know that trω(t)ω0 is bounded. Also by our assumptions, we
know that the curvature tensor at the initial time is bounded so |Ric(ω0)|ω0 and trω(t)ω0
are both bounded, which gives a bound
|trω(t)Ric(ω0)|≤ C
5
so the right hand side of (9) is bounded∣∣∣∣
(
∂
∂t
−∆ω(t)
)
(etϕ˙)
∣∣∣∣ ≤ C (10)
we can apply the maximum principle to this and get
|etϕ˙|≤ Ct =⇒ |ϕ˙|≤ Cte−t
then integrating this gives the bound on the potential ϕ.
Corollary 3.1.1. There exist a constant C > 0, depending only on the constants B and κ
in theorem 1.1, such that
C−1ω0 ≤ ω(t) ≤ Cω0
for any t, as long as the flow exists.
Proof. From the equation (7), we know that
ω(t)n = eϕ+ϕ˙ωn0
and by our proposition, we know that ϕ+ ϕ˙ is bounded for all time, hence we have
ω(t)n ≤ Cωn0
and from the previous section, we also have
ω0 ≤ Cω(t)
If we choose an orthonormal frame on the tangent space such that (g0)ij¯ = δij and gij¯ =
λiδij , then the inequalities can be written as
n∏
i=1
λi ≤ C
and
1
λi
≤ C
so combining them we get
λj =
∏n
i=1 λi∏
i 6=j λi
≤ Cn
this gives the upper bound for λi, which gives an upper bound for ω(t).
From this, the long time existence and convergence can be obtained from standard
estimates of the Ka¨hler-Ricci flow. For example, we can apply local estimates in [10]
applied to the holomorphic coordinate systems constructed in [16] to obtain the result. For
the sake of completeness, we will provide an argument here, the argument is elementary in
that it uses only the maximum principle.
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4 Long Time Existence
In this section, we show the flow exists for all time and the curvature and its covariant
derivatives are all bounded. The method is the same as in the compact case, see for
example [13].
Proposition 4.1. The flow (M, g(t)) exists for all time, and there exist constants Cl de-
pending only on the constants B and κ from theorem 1.1 such that
sup
M
|∇lg(t)Rm(g(t))|g(t)≤ Cl
for any t ∈ [1,∞).
Proof. Suppose the flow exists on a maximal time interval [0, Tmax), it suffices for us to
bound the curvature of ω(t) are bounded up to the final time Tmax. Then by Shi’s theorem,
we can then extend the flow past time Tmax and we get our desired bounds on the covariant
derivatives of curvature.
First we need an estimate on the derivative of the metric, such estimates were used by
Yau in his solution of the Calabi conjecture [18].
Consider the following quantity
S = |∇ˆg|2g= gil¯gnj¯gkm¯∇ˆigj¯k∇ˆl¯gm¯n = |T |2g
where ∇ˆ is the connection with respect to some fixed reference metric gˆ, and T lik = Γlik−Γˆlik
is the difference of the connections. S satisfy the following identity
(
∂
∂t
−∆)S = −|∇T |2−|∇T |2+S − 2Re(〈gab¯∇aRˆlib¯k, T lik〉)
= −|∇T |2−|∂k¯T lij |2+S − ∇ˆRˆ ⋆ T − Rˆ ⋆ T ⋆ T
= −|∇T |2−|Rm(g(t))− Rm(gˆ)|2+S − ∇ˆRˆ ⋆ T − Rˆ ⋆ T ⋆ T (11)
and
(
∂
∂t
−∆)trgˆg = −trgˆg − gkl¯Rˆij¯kl¯gij¯ − gnm¯gkl¯gˆij¯∇ˆkgim¯∇ˆl¯gnj¯ (12)
see [6] or [13] for the calculations. By Shi’s theorem, we know the flow must exist for
at least some definite amount of time t ∈ [0, ǫ) where ǫ depends only on the constant B
in theorem 1.1. So we can now fix gˆ = g(ǫ/2) for instance, then by Shi’s theorem, the
curvature of gˆ and its covariant derivatives are all bounded by constants depending only
on the initial curvature bound B.
Then the identity (11) gives
(
∂
∂t
−∆)S ≤ S − ∇ˆRˆ ⋆ T − Rˆ ⋆ T ⋆ T ≤ C(S + 1)
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and from (12),
(
∂
∂t
−∆)trgˆg ≤M −M−1S
so we have
(
∂
∂t
−∆)(S + Atrgˆg) ≤ (C − AM−1)S +MA + C
Letting A = 2CM and applying the maximum principle, we obtain that S ≤ C for some
uniform constant C.
Now we bound the curvature, the norm of the curvature tensor satisfies an inequality,
[13, Lemma 2.12]
(
∂
∂t
−∆)|Rm|≤ C(|Rm|2+1) (13)
for C depending only on dimension. And from (11),
(
∂
∂t
−∆)S ≤ D − |Rm(g(t))|2
so we have
(
∂
∂t
−∆)(|Rm|+NS) ≤ C(|Rm|2+1) +N(D − |Rm(g)|2) (14)
= (C −N)|Rm(g)|2+C +ND (15)
picking N = 2C. and applying the maximum principle gives the desired bound on cuvature.
Then the bounds on covariant derivatives of curvature follow by Shi’s estimates.
5 Convergence
Proposition 5.1. There exist constants C ′l > 0 depending only on B and κ from theorem
1.1 such that
|g(t)|Cl(M,g(1)) ≤ C ′l
for all t ∈ [1,∞).
Proof. The proof follows a similar method as the one used to bound the derivative of the
metric under the Ka¨hler-Ricci flow in [6]. We will denote gˆ = g(1) and put a hat on all
quantities associated to gˆ. Consider the quantities
T kij = Γ
k
ij − Γˆkij
and define
(Ml)
k
i1...il−1ij
= ∇l−1i1...il−1T kij
and
Sl = |Ml|2g
we would like to obtain bounds for all the Sl, this is the content of the following lemma.
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Lemma 5.2. For every l ≥ 0, there exist constants Dl so that the quantities Sl satisfies
the following inequality
(
∂
∂t
−∆)Sl ≤ −Sl+1 +Dl(Sl + 1) (16)
the constant Dl > 0 depend only on Cl from proposition 4.1 and C in corollary 3.1.1. Then
there exist constant Bl ≥ 0 depending only on Dl such that
Sl ≤ Bl.
for all t ∈ [1,∞)
Proof. We prove this by induction on l, for l = 0, this is true by the calculation in [6].
Suppose the lemma is true for any l < k, then we compute
(
∂
∂t
−∆)Sk =
k−1∑
l=1
gi1j¯1 . . . Rilj¯l · · · gik−1j¯k−1gpq¯grs¯gmn¯(Mk)mi1...ik−1pr(Mk)nj1...jk−1qs
+ gi1j¯1 . . . gik−1j¯k−1Rpq¯grs¯gmn¯(Mk)
m
i1...ik−1pr
(Mk)
n
j1...jk−1qs
+ gi1j¯1 . . . gik−1j¯k−1gpq¯Rrs¯gmn¯(Mk)
m
i1...ik−1pr
(Mk)
n
j1...jk−1qs
− gi1j¯1 . . . gik−1j¯k−1gpq¯grs¯Rmn¯(Mk)mi1...ik−1pr(Mk)nj1...jk−1qs
+ kSk + 〈 ∂
∂t
Mk,Mk〉+ 〈Mk, ∂
∂t
Mk〉 − |∇Mk|2−|∇Mk|2
− 〈∆Mk,Mk〉 − 〈Mk,∆Mk〉 (17)
(18)
where ∆ = gab¯∇b¯∇a and ∆ = gab¯∇a∇b¯ is its conjugate. Then we have
∆Mk = ∆Mk + g
ab¯[∇b¯,∇a]Mk (19)
= ∆Mk −
k−1∑
l=1
Rcil(Mk)
m
i1...il−1cil+1...ik−1pr
+Rcp(Mk)
m
i1...ik−1cr
+Rcp(Mk)
m
i1...ik−1pc
− Rmc (Mk)ci1...ik−1pr (20)
and in particular we have
〈Mk,∆Mk〉 = 〈Mk,∆Mk〉+
k−1∑
l=1
gi1j¯1 . . . Rilj¯l · · · gik−1j¯k−1gpq¯grs¯gmn¯(Mk)mi1...ik−1pr(Mk)nj1...jk−1qs
+ gi1j¯1 . . . gik−1j¯k−1Rpq¯grs¯gmn¯(Mk)
m
i1...ik−1pr
(Mk)nj1...jk−1qs
+ gi1j¯1 . . . gik−1j¯k−1gpq¯Rrs¯gmn¯(Mk)
m
i1...ik−1pr
(Mk)nj1...jk−1qs
− gi1j¯1 . . . gik−1j¯k−1gpq¯grs¯Rmn¯(Mk)mi1...ik−1pr(Mk)nj1...jk−1qs (21)
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so combining the computations above, we have
(
∂
∂t
−∆)Sk = −|∇Mk|2−|∇Mk|2−2Re〈( ∂
∂r
−∆)Mk,Mk〉+ kSk (22)
≤ −Sk+1 − 2Re〈( ∂
∂r
−∆)Mk,Mk〉+ kSk (23)
next we compute,
(
∂
∂t
−∆)Mk = ( ∂
∂t
−∆)∇k−1T (24)
= ∇k−1( ∂
∂t
−∆)T +R ⋆∇k−1T +
k−1∑
j=1
∇jR ⋆∇k−1−jT (25)
= −∇k−1(gab¯∇aRˆlib¯p) +R ⋆∇k−1T +
k−1∑
j=1
∇jR ⋆∇k−1−jT (26)
= −∇k−1(∇ˆb¯Rˆ)
ij¯p
+∇k−1(T ⋆ Rˆ) +R ⋆∇k−1T +
k−1∑
j=1
∇jR ⋆∇k−1−jT (27)
= Rˆ ⋆∇k−1T +R ⋆∇k−1T +Q(T, . . . ,∇k−2T,R, . . . ,∇k−1R, Rˆ, . . . , ∇ˆkRˆ)
(28)
where Q is some expression involving only the quantities in the bracket, in particular this
term is bounded by the induction hypothesis. So by the induction hypothesis, we have
|( ∂
∂t
−∆)Mk|≤ C(|∇k−1T |+1) = C(|Mk|+1) (29)
then from (23), we get
(
∂
∂t
−∆)Sk ≤ −Sk+1 + Ck(Sk +
√
Sk) (30)
≤ −Sk+1 + Ck(Sk + 1) (31)
this proves the first part of the lemma. Next, from this we have
(
∂
∂t
−∆)(Sk + ASk−1) ≤ (Ck − A)Sk + Ck + ACk−1(Sk−1 + 1)
and by choosing A = Ck + 1 and using the induction hypothesis that Sk−1 is bounded, we
get
(
∂
∂t
−∆)(Sk + ASk−1) ≤ −Sk + Ck + ACk−1(Bk−1 + 1)
applying the maximum principle, we get the bounds Sl ≤ Bl, where we can set Bl to be
Ck + ACk−1(Bk−1 + 1).
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So we have uniform bounds on Sk, which means bounds on all derivatives of T in the
holomorphic directions. But we claim that actually all derivatives of T are bounded. To
see this, note that the identity ∇i¯T ljk = Rˆli¯jk−Rli¯jk allows us to get rid of a derivative in the
antiholomorphic direction and replace it by curvature terms, which we know are bounded
and have bounded derivatives. So to bound the mixed derivatives, we can first commute
the derivatives to move the antiholomorphic ones in front and then use this identity and
the fact that the curvature and all its derivatives are bounded. From this we can conclude
that |T |Ck(M,g(t))≤ Ck it follows that |T |Ck(M,gˆ)≤ Ck, so we get uniform bounds on the Ck
norms of T with respect to the fixed background metric. Then from the following identity
T kijgm¯k = ∇ˆigm¯j
we can get uniform bounds on the Ck norm of g.
Now we can prove the main theorem,
Proof of theorem 1.1. By (3.1), we know that ϕ(t) convergences in C0 to some limit ϕ∞,
which is continuous, and ϕ˙ converges to 0 uniformly. Now from our definition of ϕ, we have
ϕ(x, t) := e−t
∫ t
0
es log
ω(s)n
ωn0
ds
and since ω(s) is bounded in Ck norm by our previous lemma, so the right hand side
is bounded in Ck norm and we get uniform bounds of |ϕ|Ck(M,g0) for all k. Hence the
convergence of ϕ to ϕ∞ is actually in C
∞. So we can take a limit of the following equation
ϕ˙ = log
[e−t(ω0 − i∂∂¯ logωn0 ) + i∂∂¯ log ωn0 + i∂∂¯ϕ]n
ωn0
− ϕ
and we get
0 = log
(i∂∂¯ log ωn0 + i∂∂¯ϕ∞)
n
ωn0
− ϕ∞
hence ω∞ = i∂∂¯ log ω
n
0 + i∂∂¯ϕ∞ is Ka¨hler-Einstein and the bounds on the curvature and
its covariant derivatives follows from the C∞ convergence of the metrics.
Acknowledgements: I would like to thank my advisor Duong Phong for suggesting the
question and for his advice and guidence.
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